Abstract-We study -length consta-Abelian codes (a generalization of the well-known Abelian codes and constacyclic codes) over Galois rings of characteristic , where and are coprime. A twisted discrete Fourier transform (DFT) is used to generalize transform domain results of Abelian and constacyclic codes, to consta-Abelian codes. Further, we characterize consta-Abelian codes invariant under two kinds of monomials, whose underlying permutations are effected by: i) multiplying the coordinates with a unit in the appropriate mixed-radix representation of the coordinate positions and ii) shifting the coordinates by positions. All the codes studied here belong to the class of quasi-twisted codes which are known to contain some good codes. We show that the dual of a consta-Abelian code invariant under the two monomials is also a consta-Abelian code closed under both monomials.
I. INTRODUCTION AND PRELIMINARIES
The class of cyclic codes and its generalizations have been extensively studied, of which the following are the most important.
• Abelian codes: These are ideals in the group algebra F q [G] , where G is an Abelian group of order n, with cyclic codes obtained as a special case (when G is cyclic).
• Quasi-cyclic codes: A code is t-quasi-cyclic if for every codeword (c 0 ; c 1 ; . . . ; c n01 ), the cyclically shifted vector by t positions, (cn0t; . . . ; cn01; c0; . . . ; cn0t01) is also a codeword (cyclic if t = 1).
• Constacyclic codes: A code is -constacyclic if for every codeword (c 0 ; c 1 ; . . . ; c n01 ), the constacyclically shifted vector by one position, (c n01 ; c 0 ; . . . ; c n02 ) is also a codeword, where is an element of F 3 q = Fq n f0g (cyclic if = 1). These are the ideals in the ring F q [x]=hx n 0 i.
The motivation for studying each of these classes of generalizations is that better codes than cyclic codes in the sense of larger minimum distance have been found in these generalizations. The class of quasicyclic codes [1] , [2] have been shown to contain asymptotically good codes [2] . They provide link between block codes and convolutional codes [3] and recently it has been shown that quasi-cyclic codes have close relationship with the tail-biting representations of general block codes [4] . Constacyclic codes over finite fields F p (also known as pseudocyclic code) have been extensively studied [5] - [8] . The class of constacyclic codes includes as subclasses the important class of cyclic codes and the class of negacyclic codes. It was shown in [5] that constacyclic maximum-distance separable (MDS) codes exist for certain parameters for which cyclic MDS codes do not exist. An attraction with constacyclic codes is that, these codes can be studied using the well-known "theory of cyclic codes." Also, these codes can be decoded with slight modifications of efficient decoding algorithms for cyclic codes. Thus, constacyclic codes can be an alternative to cyclic codes for certain parameters. Fig. 1 illustrates the various generalizations discussed above. Since a finite Abelian group G is a direct product of cyclic groups, we can view Abelian codes as multidimensional cyclic codes. This generalization of cyclic to Abelian codes can be carried over to constacyclic codes to give multidimensional constacyclic codes. Similarly, the generalization from cyclic to quasi-cyclic codes can be carried over to constacyclic codes to yield quasi-twisted (QT) codes [9] - [11] , i,e., a code is (; t)-QT if for every codeword (c 0 ; . . . ; c n01 ), (c n0t ; c n0t+1 ; . . . ; c n01 ; c 0 ; . . . ; c n0t01 ) is also a codeword.
Some QT codes with better parameters than any known codes were listed in [9] and [10] . In this correspondence, we investigate multidimensional constacyclic codes (henceforth referred to as consta-Abelian codes) using a twisted DFT and characterize codes that are invariant under two additional scaled permutations (called monomials in [2] ).
For a prime p, Galois rings are residue class polynomial rings Z p [x]=(x), where Z p [x] is the ring of polynomials over Z p and (x) is a basic irreducible polynomial of degree l over Z p [x] [12] . This Galois ring denoted by GR (p a ; l), coincides with the finite field F p when a = 1 and the integer residue class ring Z p when l = 1.
Definition 1: Let C1 and C2 be codes of length n over GR (p a ; l).
We say that C 1 and C 2 are equivalent if there are n permutations (0) ; (1) This element is denoted by gi or g die , where die = di r01 ; i r02 ; . . . ; i 0 e is the mixed-radix representation of i 2 I n using m r01 ; m r02 ; . . . ; m 0 as the mixed radixes. The group operation of G can thus be specified using mixed-radix indexing as gigj = gi8j, where i; j 2 I n and i 8 j and i 9 j are the mixed-radix addition and subtraction, respectively. Let e be the exponent of G and p be a prime such that (e; p) = In particular, the monomial associated with the permutation i 7 ! i 8 j in (1) is denoted as 8j and the monomial for i 7 ! i 9 j as 9j.
In this correspondence, we are interested in the following two permutations on In. -consta-Abelian code. We obtain these results using the DFT approach. DFT domain characterization of cyclic, Abelian, and quasi-cyclic codes over finite fields and rings Zm have been previously discussed in the literature [19] - [22] and a similar technique has been used to characterize constacyclic codes in [23] . In this correspondence, we generalize the results of [23] for consta-Abelian codes over Galois rings and, then, characterize Q -invariant -consta-Abelian codes and U -invariant -consta-Abelian codes over Galois rings in the DFT domain defined over suitable Galois ring extensions. As a consequence, we characterize -consta-Abelian codes that are both Q -invariant and U -invariant. Duals of these codes are shown to be invariant under both monomials Q and U .
If C is an arbitrary (r01; nr01)-QT code of length n = m r01 m r02 111m 0 over GR (p a ; l), then the extension ring required for transform domain description of this code is GR (p a ; lm) which should contain an nth root of unity as well as an nth root of r01 (in other words, m is the smallest integer such that both n and order (r01) 2 n divide p lm 0 1). But, if this code C is -consta-Abelian also (see Fig. 2 ), then an extension ring containing m th roots of unity and m th roots of for all = 0; 1; . . . ; r 01 is enough, which is generally smaller than GR (p a ; lm). Since algebraic decoding generally takes place in the extension ring, a smaller extension ring may lead to a simpler or more efficient decoding of code C.
Throughout this correspondence, the length of the code is relatively prime to p, where p a is the characteristic of the Galois ring GR (p a ; l) over which the code is defined.
The remainder of this correspondence is organized as follows. In Section II, we define a twisted DFT and characterize consta-Abelian codes using this transform. Consta-Abelian codes invariant under Q and U are then characterized in Sections III and IV, respectively. Examples are given to illustrate each class of code. In Section V, we discuss duals of consta-Abelian codes and obtain nonexistence result for certain self-dual codes. Finally, the conclusions of this correspondence are presented in Section VI. for all j 2 I n : (4) Henceforth, we refer to anyã 2 GR (p a ; l) n as "time domain vector" and the correspondingÃ 2 GR (p a ; lm) n as TDFT vector ofã. Notice that, if = 1 for all , then the ideals correspond to n = mr01mr01 11 1m0 length Abelian codes over GR (p a ; l) and the TDFT reduces to the generalized DFT defined in [14] . The TDFT satisfies the following properties:
II. TWISTED-DFT CHARACTERIZATION OF CONSTA-ABELIAN CODES
where tdft ! denotes a TDFT pair. In (6), the left-hand side is the twisted convolution, which corresponds to the "polynomial multiplication" of two elements in GR (p a ; l) [G] . This maps to the componentwise multiplication of the corresponding TDFT vectors in the group ring GR (p a ; lm) [G] .
Let 0 be the Frobenius automorphism of GR (p a ; lm) [12] . ) 2 GR (p a ; lm) n is the TDFT vector of (a0; a1; . . . ; an01) 2 GR (p a ; l) n , then the following relation among A j ; j 2 I n , holds: The constraint due to the conjugate symmetry property given by (7) implies that: i) the set of transform components fA dje j dje 2 dieg denoted by A die are related (in other words, transform components indexed by elements of the same cyclotomic coset are related) and moreover ii) every element of A die belongs to the same Galois ring GR (p a ; le i ) GR; (p a ; lm)
for some fixed e i dividing m. The set A die will be called the conjugacy class containing A die . For a code C over GR (p a ; l), let C C C j = fA j j 8ã 2 Cg denote the set of distinct values taken by the jth transform component of all the codewords in C and let C C C i;j = f(A i ; A j ) j 8ã 2 Cg: This partition uniquely specifies the -consta-Abelian code.
Example 5:
i) Some (1; 1; 4)-consta-Abelian codes of length n = 2 2 2 2 2 over F5 are listed in Table III . In the TDFT description of all codes, only the transform components A j for which C C C j 6 = 0 are listed. The corresponding TDFT parameters and cyclotomic cosets are given in the previous example.
ii) 
B. Constraints on L L L
The main result of this correspondence is to identify the constraints on the values taken by transform components belonging to different conjugacy classes for the 
Example 6: i) 
Using Lemma 2, we will next prove one of the main results (Theorem 2) of this correspondence. The outline of the proof is similar to [14, proof for Theorem 3 ] (we use induction on s) and, therefore, we give complete proof only for s = r 0 2 in the Appendix and for Theorem 2, we give only a part of the proof that highlights the differences.
Theorem 2:
For any n and p such that gcd(n; p) = 1, a length n = mr01mr02 1 11m0 (10) at the top of this page and then inverse TDFT is used to reduce (11) to (12) , also at the top of the page.
For the particular case s = r 0 2, continuing from (13) (at the top of the page), the complete proof for this Theorem is given in the Appendix. For 0 s < r 0 2, (13) can be further reduced to (14) (see (14) and (15) at the top of the following page). In (14), since (14) and obtain (15) . Observe that K is independent of j s and K 1 is independent of both j s and j s+1 .
Having proved Theorem 2 for s = r 0 2 separately (see the Appendix), we can use this as the induction base together with Proposition 1, and the remaining part of the proof is similar to the corresponding proof of Theorem 3 in [14] . In Table III , codes C 0 , C 1 , and C 8 are Q -invariant; codes C 2 , C3, and C9 are Q -invariant; and rest of the codes are Q -invariant.
ii) : (17) Note that with the definition above, clearly, every b defines a partition on L L L. . Similarly, for b = d1; 5; 1e, the corresponding vector is U (c)=(c0; c1; c2; 24c3; 24c4; 24c5; c6; c7; c8; 24c9; 24c10; 24c11):
In Table IV , all codes are U -invariant for b = d5; 1; 1e; d1; 5; 5e; d5; 5; 5e where as codes C1 and C4 are U -invariant for b = d1; 1; 5e; d1; 5; 1e; d5; 1; 5e; d5; 5; 1e
as well. For = (1; 1; . . . ; 1), the results of this section match the characterization of U b -invariant Abelian codes discussed in [14] . Notice that U b -invariant Abelian codes for b = dbr01;br02; . . . b0e are also invariant under the permutation : die 7 ! dke, where i 7 ! k = (b i + j )m for all j 2 Im , and 0 r 0 1 (i.e., an affine permutation in each mixed-radix component). Similarly, it is not difficult to see that the U -invariant consta-Abelian codes discussed in this section are also invariant under monomials , where is any permutation die 7 ! dke defined earlier. x i y i = 0; 8x 2 C :
In this section, we show that the dual of a We call this cyclotomic coset as the dual cyclotomic coset of die. In (18) dje T in C. Further, the type (see [24] ) of C ? and C 3 are the same, with j C jj C ? j=j GR (p a ; l) n j. Hence, C ? is the dual of C.
We next show that the dual of a U -invariant (resp., Q -invariant)
-consta-Abelian code is U -invariant (resp., Q -invariant). Before proving this, we would like to point out that there is an abuse of notation by using permutation U (resp., Q ) for both -consta-Abelian and its dual, which is actually a 01 -consta-Abelian code. By definition, both U and Q depend on the actual value of = (r01; . . . ; 0)
and, hence, strictly speaking we should have used different notations for the monomial U (resp., Q ) acting on the -consta-Abelian code and its dual. We avoid this by saying that the dual of a U -invariant (resp., Q -invariant) -consta-Abelian code is a U -invariant (resp., j is a valid constrained set for 01 -consta-Abelian code, the result follows directly from Theorem 4 and Theorem 2 (resp., Theorem 3). = (1; 1; . . . ; 1) which correspond to the Abelian codes over GR (p a ; l). The dual-cyclotomic coset of die reduces to the coset dn 9 ie as discussed in [14] . and only if whenever Dj T, the corresponding dual constrained set is a subset of T a0 . We have a nonexistence result for self-dual codes which is an extension of a similar result for Abelian codes. 
VI. CONCLUSION
In this correspondence, using a TDFT, we have characterized consta-Abelian codes invariant under two monomials Q and U .
Codes invariant under Q generalize the class of QT codes which are known to contain some good codes. Consta-Abelian codes are also (r01; nr01)-QT, and they have an advantage over (r01; nr01)-QT codes that are not consta-Abelian, because they need a smaller extension ring for DFT characterization. We have also shown that the dual of a Q -invariant (resp., U -invariant) -consta-Abelian code is a Q -invariant (resp., U -invariant) 01 -consta-Abelian code.
In [18] , it was shown that certain Abelian codes over a Galois ring are isomorphic to a direct sum of consta-Abelian codes. For such Abelian codes, knowledge of the automorphism group of individual consta-Abelian codes give valuable information about the automorphism group of the Abelian code itself. Thus, for such Abelian codes, the results of this correspondence can be used to get subgroups of automorphism group which were not considered in our earlier paper [14] . Further, encoding and decoding of such Abelian codes can be efficiently performed in the DFT domain by using parallel TDFTs (one for each consta-Abelian code) instead of using a single generalized DFT for Abelian codes used in [14] . APPENDIX THEOREM 2 FOR THE PARTICULAR CASE s = r 0 2
For any n and p such that gcd(n; p) = Note that, in the equations at the bottom of this page, the second equality is reduced to the third equality using the fact that By a similar argument to that which we used to obtain (21), we find that 
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